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1 Equations

The governing equations we considered here are the incompressible N-S equation and energy
conservation:

∇ · u = 0 (1)

∂(ρu)

∂t
+∇ · (ρuu) = ∇ · (µ∇u)−∇p+ f (2)

ρcp
∂T

∂t
+ ρcp∇ · (uT ) + ρL

∂fL
∂t

+ ρLu · ∇fL = ∇ · (k∇T ) +Q (3)

To solve the above transient equations, the convection terms are treated explicitly while the
diffusion terms are treated implicitly. E.g., for the engergy conservation, i.e., Equation (3):

ρc̄n−1T
n − Tn−1

∆t
+ ρc̄n−1∇ · (un−1Tn−1) = ∇ · (kn∇Tn) +Qn (4)

Finite volume method is used for spatial discretization. Central difference scheme is used for
the diffusion term while the QUICK scheme is used for the convection term. Note that c̄ is the
apparent heat capacity:

c̄ = cp + L
∂fL
∂T

(5)

Because of the temperature dependence of the thermal conductivity k, Equation (4) leads to a
set of nonlinear equations and Newton’s method is used to iterative solve the equations. The
gradients are calculated using automatic differentiation.

To solve the N-S equation, the fractional step method is used. At each time step, we first
estimated the velocity using the pressure gradient at the last step:

ρ
u∗ − un−1

∆t
+ ρ · ∇(un−1un−1) = ∇ · (µ∇u∗)−∇pn−1 + fn (6)

Then, a Poisson equation is solved for correcting the pressure:

pn = pn−1 + p′ (7a)

∇2p′ =
ρ

∆t
∇ · u∗ (7b)

The velocity can be then updated by

un = u∗ − ∆t

ρ
∇p′ (8)

Note that the equations we need to solve are: Equations (4), (6) and (7), and all of them
are Poisson-type equations.
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https://github.com/tianjuxue/jax-am/blob/main/jax_am/cfd/cfd_am.py
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